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(p ective plan\rightarrow . ( $\mathrm{L}$ $\pi$ )
(i) 2 .
(ii) 2 .
(iii) 4 ( $=$ 3 4 ) .
$\mathrm{P}$ $\pi=(\mathrm{P},\mathrm{L})$ ($n^{2}+n+1,$ $n+1$ ,1\succ ([36])
. , $|\mathrm{P}|=|\mathrm{L}|=n^{2}+n+1$ $n+1$
$n+1$ , 2 1 . $n$ $\pi$
(order) .
1 $GF(q)$ 3 $V(3, q)$ 1 $\mathrm{P}$ , 2
$\mathrm{L}$ . 2 1
. $|\mathrm{P}|=|\mathrm{L}|=q^{2}+q+1$ , $(\mathrm{P}, \mathrm{L})$ $q$ . $(\mathrm{P}, \mathrm{L})$
, $PG(2, q)$ .
$\mathrm{P}_{0}$ $\mathrm{P}_{0}$ $\mathrm{L}_{0}$ $\pi_{0}=(\mathrm{P}_{0}, \mathrm{L}_{0})$
(affine plane) $\mathrm{A}\mathrm{a}$ . ( $\mathrm{L}_{0}$ $\pi_{0}$ )
(i) 2 .
(ii) $\ell$ $P\not\in\ell$ $P$ $\ell$ .
(iii) 3 (= 3 ) .
$\mathrm{P}$ $\pi_{0}=(\mathrm{P}_{0},\mathrm{L}_{0})$ $2-(n^{2}, n, 1)$- .
, $|\mathrm{P}_{0}|=n^{2},$ $|\mathrm{L}_{0}|=n^{2}+n$ $n+1$ , $n$
, 2 1 . $n$ $\pi_{0}$ (o$rdearrow$ .
$g,$
$\ell$ $g=\ell$ $g\cap\ell=\phi$ $g$ $\ell$ $\mathrm{A}$ ‘ $g//\ell$
. $”//$ ” . $\mathrm{L}$
$n+1$ $\mathrm{C}_{1},$ $\cdots,$ $\mathrm{C}_{n+1}$ : $\mathrm{L}_{0}$ $=\mathrm{C}_{1}\cup\cdots\cup \mathrm{C}_{n+1},$ $|\mathrm{C}_{1}|=\cdots=|\mathrm{C}_{n+1}|=n$.
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2 $\mathrm{P}_{0}=\{(x, y)|x, y\in K=GF(q)\},$ $\mathrm{L}_{0}=\{y=ax+b|a, b\in K\}\cup\{x=c|c\in K\}$
$(\mathrm{P}_{0}, \mathrm{L}_{0})$ $q$ .
.
$n$ $\pi=(\mathrm{P}, \mathrm{L})$ , $\ell\in \mathrm{P}$ $n+1$
$n+1$ , $n^{2}$ $n^{2}+n$
. $n$ . $n$
$n+1$ ,
$n+1$ 1









Veblen-Young 3 $PG(m, q)$ .
([7] 1 ) $m=2$ $PG(2, q)$ .




(P1) temary ring ([26] 5 ) :
(P2) spread ([38] ) :




The Bruck-Ryser ([7] [26]) $n$ 4 1 2 2
$n$ .
6, 14, 21, 22 . 10, 12, 15, 18, 20











. 1972 $\mathrm{R}.\mathrm{H}$ . Bruck
.. Bruck
$q$ $PG(3, q)$ $q^{4}+q^{3}+q^{2}$ $q^{3}$




$\mathrm{o}$ (M. Hall, Jr. and R. Roth, 1984 [16]) $q=3$ Bruck .
( ) $\pi=(\mathrm{P},\mathrm{L})$ $\mathrm{P}$ $\mathrm{P}$
$\mathrm{L}$ . ( )
eollineation . collineation $\sigma$ $P$ $\in \mathrm{P}$
, $g$ $\sigma$ $P$ (center) 9
(ais) $(P, g)$-perspectivity . $P\in g$ $(P,g)$-elation, $P\not\in g$
$(P,g)$-homology . ( ) $\pi$ collineation
$Aut(\pi)$ $\pi$ collineation . [
perspectivity . perspectivity collineation
collineation . .
$\mathrm{o}$ (R. Baer $[7][26]$ ) $\sigma\neq 1$ $n$ collineation $\sigma^{2}=1$
.
(i) $\sigma$ $\mathrm{P}_{1}$ , $\mathrm{L}_{1}$ $(\mathrm{P}_{1}, \mathrm{L}_{1})$ $\sqrt{n}$
($=Baer$ subplane) .






$\mathrm{o}$ (JankO-T. van Trung 1982 [28]) 12 $\pi$ .
(i) $Aut(\pi)\not\geq \mathrm{Z}_{2}\mathrm{x}\mathbb{Z}_{2}$ and
(ii) $Aut(\pi)$ {2, 3}-group $Aut(\pi)\not\geq Sym(3)$ .
$\mathrm{o}$ (K. Horvatic-Bmldasar, E. Kramer and I. Matulic-Bedenic1987 [24]) 12 $\pi$




$\mathrm{o}$ (C. Ho [21]) 15 $\pi$ $|Aut(\pi)|$ $2^{6},2^{3}3^{3},2\cdot 5,2^{3}\cdot 3\cdot 7$
$2^{6}\cdot 7$ .
7 C. Ho [52]
.







$\mathrm{o}$ (I. Matulic-Bedenic [43][44][45]) 11
:
(i) order 5 homology . ( )
(ii) 2 collineation .
$\mathrm{o}$ (C. Ho and G. E. Moorhouse [23]) 11
:
(i) 4 collineation .
(ii) order 5 homology .
(iii) 3 5 collineation .
$\circ$ (K. Horvatic-Baldasar, K. Kramer and I. Matulic-Bedenic [25]) 21 (Frobenius
) collineation 11 .. $n=13$
$\mathrm{o}$ (I. Matulic-Bedemic, 1991 [46]) 2 collineation 13
.
10 10
. $n$ $n=11$ .
$\mathrm{o}$ (Lam-Kolesova-Thiel, 1991 [35]) 9 4 ( , Huges
, Hall , Hall ) .
coffineation .
3: 2 collineation .
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$\pi=(\mathrm{P}, \mathrm{L}),$ $(\mathrm{P}=\{P_{1}, P_{2}, \cdots\}, \mathrm{L}=\{\ell_{1}, \ell_{2}, \cdots\})$ . $|\mathrm{P}|$
$|\mathrm{L}|$
$1 \int$ $A=(a_{\dot{l}j})$ $P_{1}$. $\in\ell_{j}$ $a_{*j}.=1,$ $P_{\dot{l}}\not\in$ $a_{1j}.=0$
$A$ $\pi=(\mathrm{P}, \mathrm{L})$ (incidence matix) $\mathrm{A}\mathrm{a}$ .
H. J. Ryser [51] $(v, k, \lambda)$-
. .
Ryser ([51]) $n$ $n^{2}+n+1$
$A$ $A{}^{t}A={}^{t}AA=J+nI$ . ( $J$
1 , . )
Ryser $n$ $+n+1$ $A$
$A{}^{t}A={}^{t}AA=J+nI$ .
$\mathrm{J}.\mathrm{G}$ . Thompson [53] . $\mathrm{J}.\mathrm{G}$ . Thompson
Bruck-Ryser












$\mathrm{o}$ (J. G. Thompson, 1997 [53]) $n$ $A\in 3$ ( $\sigma\rangle$ $G_{A}$ .
$\langle\sigma\rangle$ $T\in \mathfrak{T}_{n}$ $G_{AT}$ .
$A\in]$ , $T\in \mathfrak{T}_{n}$ $AT\in 2$ . $A$ $A{}^{t}A={}^{t}AA=J+nI$
, $J+nI$ $(x-(n+1)^{2})(x-n)^{n^{2}+n}$ $A$
$n+1$ $n^{2}+n$ $\sqrt{n}$ . $A$
AT .
$\mathrm{o}$ (J. G. Thompson, 1997 [53]) $n$ , $A\in$ ? $T\in \mathfrak{T}_{n}$ . $F_{A}(x)=$
$(x-n-1))D(x)E(x)$ and $F_{AT}(x)=(x-n-1))D(x)F(x)$ $((E(x), F(x))=1)$ .




$\mathrm{o}$ (Brozovic-HO-Munemasa, 1999 [4]) $\pi$ $n$ $n^{2}+n+1$
.
2. Quasi-Regular Collineation Groups
50
$G$ $k$- $D$ $U$ ( $1\in U$) $G\backslash U$
$r_{1}r_{2}^{-1}(r_{1}, r_{2}\in R, r_{1}\neq r_{2})$ , $U$
. $U$ $G$ $u$ $m$ $U$ (forbidden
subgroup) , $D$ ($m,$ $u,$ $k$ , 1\succ 4 $\mathrm{a}$ ( $k^{2}=k+u(m-1)$ [
). , $(m, 1, k, 1)$- $(m, k, 1)$- (planar difference set)
.
( 1) 1
. , . [3], [36]
.
( 2) $G$ 2 $U$ .
( 3) $G$ $g$ $U=G$ $D=\{g\}$ $U$ (1, $u,$ $1$ , y-
. .
( 4) $D$ $G$ $U$ $g\in G$ $Dg$ parameters
. $Dg$ $D$ translate . $1\in D$
.
$m^{2}$ $G$ $m$ $H_{1},$ $\cdots,$ $H_{m+1}$ spread $G=H_{1}\cup\cdots\cup H_{m+1}$
. , $H_{i}\cap Hj=\{1\}(\forall i\neq\forall j)$
$\ovalbox{\tt\small REJECT}$ .
$\Omega$ $X$ quasiregular $\Omega$ $X$-orbit $\Delta$ $X$
$\Delta$ $X|_{\Delta}$ . ( , $X|_{\Delta}$ $=|X|$ .
$X$ $\Delta$ $\Delta$ ) $n$
$\pi(=(\mathrm{P}, \mathrm{L}))$ collineation $G$ quasiregular GIP L quasiregular
.
Dembowski $n$ $\pi=(\mathrm{P}, \mathrm{L})$ $n^{2}n\mathrm{B}^{1}\vec{2}$ quasiregular
collineation $G$ $G$ .
(a) $|G|=n^{2}+n+1$ $(n^{2}+n+1, n+1,1)$- ( ) .
(b) $|G|=n^{2}$ ($n,$ $n,$ $n$ , y- .
(c) $|G|=n^{2}$ spread
(d) $|G|=n^{2}-1$ $(n+1, n-1, n, 1)$- ( ) .
(e) $|G|=m^{4}-m,$ $m=\sqrt{n}$ ($m^{2}+m+1,$ $m^{2}-m,$ $m^{2}$ , y- .
(f) $G=HN\triangleright N,$ $|N|=n,$ $|H|=n-1$ $H\cup N$ (E-H
) .
(g) $|G|=(n-1)^{2},$ $G=H_{i}H_{j}\triangleright H\dot{.},$ $H_{j}\forall i,\forall j\in\{1,2,3\},$ $i\neq j(H_{1},$ $H_{2},$ $H_{3}$ $n-1$
) $G$ $H_{1}\cup H_{2}\cup H_{3}$ (E-E ) .
(h) $|G|=(m^{2}-m+1)^{2},$ $m=\sqrt{n}$ , $G$- $\mathrm{P}_{1},$ $\cdots,$ $\mathrm{P}_{2m+1}(\subset \mathrm{P}),$ $\mathrm{L}_{1},$ $\cdots,$ $\mathrm{L}_{2m+1}(\subset \mathrm{L})$
, $(\mathrm{P}_{1}, \mathrm{L}_{1}),$ $\cdots,$ $(\mathrm{P}_{2m}, \mathrm{L}_{2m})$ [ $m-1$ $|\mathrm{P}_{2m+1}|=|\mathrm{L}_{2m+1}|=$
$(m^{2}-m+1)^{2}$ .
, $(\mathrm{a})\sim(\mathrm{h})$
quasiregular collineation $n$ .
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$\ovalbox{\tt\small REJECT}$
$\ovalbox{\tt\small REJECT}$ . $(\mathrm{a})\sim(\mathrm{h})$
.
Case (a) (planar difference sets)
3 $n(\in\{2,3,4,9\})$
(i) $n=2,$ $G=\langle x)\simeq Z_{7}$ , $D=\{1,x,x^{3}\}$
(ii) $n=3,$ $G=\langle x\rangle\simeq Z_{13}$ , $D=\{1, x,x^{3}, x^{9}\}$
(iii) $n=4,$ $G=\langle x\rangle\simeq Z_{21}$ , $D=\{1, x,x^{6}, x^{8}, x^{18}\}$






, ” ” .
$m$ $D$ (multiplier) $D^{(m)}=Da$ $a\in G$
. , $D^{(m)}=$ $\{’|d\in D\}$ .
.
([42] 7 , [3] 6 ) $D$ ( $n^{2}$ $+n+1,$ $n+1$ ,1\succ $n$
$D$ .
, .
([42] 7 , [3] 6 ) $D$ $(n^{2}+n+1, n+1,1)$ - $D$
translate $D$ $m$ $D^{(m)}=D$ .
2 3 $2|n$ $3|n$ $2^{a}3^{b}(a, b\in \mathrm{N}\cup\{0\})$
$D^{(2^{\mathrm{g}}3^{b})}=D$ . $d\in D$ $d^{1},$ $d^{2},$ $d^{3},$ $d^{4}\in D$
, $3-1=4-2$ $d^{3}d^{-1}=d^{4}(d^{2})^{-1}$ . $d^{3}=d^{4}$
$d^{3}d^{-1}=1$ . 6{ $n$ . $n$
. $D$ $\pi(\mathrm{P}, \mathrm{L}),$ $(\mathrm{P}=G, \mathrm{L}=\{Dg|g\in G\})$
$\pi$ collineation . collineation $n$
. [42] 7 .
.
$\mathrm{o}$ (Wilbrink, 1989 [54]) $p\in\{2,3\}$ , $D$ $n$ . $p|n$
$p^{2}$ \dagger $n$ $n=p$ .
$p>3$ .
Case (b) $(n,n,n, 1)$-
4($n,$ $n,$ $n$ , 1\succ
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(i) $K=GF(2^{e})\}$ G=K+ $\cross$ K+[ $(x_{1}, y_{1})(x_{2}, y_{2})=(x_{1}+x_{2},y_{1}+y_{2}+x_{1}x_{2})$
$\mathbb{Z}_{4}\mathrm{x}\cdots \mathrm{x}\mathbb{Z}_{4}$ . $D=K\cross\{0\},$ $U=\{\mathrm{O}\}\cross K$
$D$ $G$ $U$ $(2^{e}, 2^{e}, 2^{e}, 1)$ - .
(ii) $K=GF(p^{e})$ ($p$ ) [ $G=K^{+}\cross K^{+}$ $(x_{1}, y_{1})(x_{2}, y_{2})=(x_{1}+x_{2}, y_{1}+y_{2})$
$\mathbb{Z}_{p}\mathrm{x}\cdots \mathrm{x}\mathbb{Z}_{p}$ . $D=\{(x, x^{2})|x\in K\},$ $U=\{0\}\mathrm{x}K$
$D$ $G$ $U$ $(p^{e},p^{e},p^{e}, 1)$- .
( $n$ , $n,$ $n$ , y- .
5: $G$ $(n,n, n, 1)$ - $n$ .
, $n^{2}$ $n$
. Case (a) .
.
$\mathrm{o}$ (Ganley, 1976 [12]) $D$ $G$ $(n, n, n, 1)$ - $G\simeq(Z_{4})^{m}$
.
( 5) Ganley $n$ 2
. .
$H,$ $U$ $n$ . $H$ $U$ $f$ (planar function)
( $f(xt)f(x)^{-1}$ $t\neq 1$ [ $H$ $U$ 1:1 .
5(ii) $K=GF(p^{\mathrm{e}})$ ($p$ ) $H=U=K(+)$ . $f$ : $Harrow U$
$f(x)=x^{2}$ $f$ [ planar .
$f$ $n$ $H$ $n$ $U$ planar $G=H\cross U,$ $D=$
$\{(x, f(x))|x\in H\}$ $D$ $G$ $U$ $(n, n, n, 1)$ - . , $D$
$G$ $U$ $(n, n, n, 1)$- $U$ $G$ . $G=H\mathrm{x}U$ ,
$D=\{(x, f(x))|x\in H\}$ $f$ $H$ $U$ .
$G\backslash U$ 2
.
$\mathrm{o}$ (M. J. Ganley, 1976 [12]) $n$ 2 $H,$ $U$ , $H$ $U$
$n$ .
$H$ $U$ $n$ $H$ $U$
.
$\circ$ (D. Gluck 1990 [14], Y. Hiramine 1990 [17], L. Ronyaiand T.Szonyi 1989 [50]) $n$
, $H$ $U$ $GF(n)$ $H$ $U$
$GF(n)$ $GF(n)$ 2 .
$\mathrm{o}$ ( $\mathrm{P}.\mathrm{V}$ . Kumar, 1988 [33]) $H$ $U$ planar , $n$
$q$ $p$ $q$ $Ord_{p}(q)$ .
$\mathrm{o}$ ( $\mathrm{C}.\mathrm{I}$ . Fung, $\mathrm{M}.\mathrm{K}$ . Siu and S. L. Ma, 1990 [9]) $H,$ $U$ $n$ square free .
$\mathrm{o}$ (Y. Hiramine, 1992 [19]) $n=3p$ $p$ $p=3$ $H\simeq U\simeq \mathbb{Z}_{3}$
.
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$\mathrm{o}$ (S. L. Ma, 1996 [41]) $n=pq$ $q$ $p=q$ $H\simeq U\simeq \mathbb{Z}_{p}$
.
$\mathrm{o}$ ( $\mathrm{K}.\mathrm{H}$ . Leung, $\mathrm{S}.\mathrm{L}$ . Ma and V. Tan, preprint [39]) $n=3pq$ $p,$ $q(\neq 3)$
.
:(i) $H$ $U$ $n=117(=3^{2}13)$
.
(ii) $H\simeq U\simeq \mathbb{Z}_{n}$ $n=15655(=5\cdot 31\cdot 101)$ .
(iii) $n=pqr$ $p,$ $q,$ $r(\geq 5)$ .
11 $(n, n, n, 1)$-
$(n, n, n, 1)$- ? ,
. $G$ ? ($p^{a},p^{a},p^{a}$ , 1\succ
. ” ”
1 . $\mathbb{Z}_{4}\mathrm{x}\cdots \mathrm{x}\mathrm{Z}_{4}$ $\mathrm{Z}_{p}\mathrm{x}\cdots\cross \mathbb{Z}_{p}$
.
(Davis, 1992 [6]) $\exp(G)\leq p^{*}\exp(U)$
(Pott, 1994 [48]) $\exp(G)\leq p^{a}$
(Ma-Pott, 1995 [40]) $\exp(G)\leq p^{*}$
(Ma-Pott, 1995 [40]) $a=2$ $G\simeq \mathrm{Z}_{p}\mathrm{x}\mathbb{Z}_{p}\mathrm{x}\mathbb{Z}_{p}\mathrm{x}\mathbb{Z}_{p}$ .
Case (c) spread
$n^{2}$ $G$ . $\ell_{\infty}$
$n$ $\pi$ , $\mathrm{C}_{1},$ $\cdots,$ $\mathrm{C}_{n+1}$ $H_{:}=\{x\in$
$G|\ell x=\ell,$ $\forall\ell\in \mathrm{c}_{:}\}(1\leq i\leq n+1)$ $G$ spread . , spread
? ([38] 1 ). , $G$ spread $H_{1},$ $\cdots,$ $H_{m+1}$ ,
$\mathrm{P}=G,$ $\mathrm{L}=\{H_{1}x|x\in G\}\cup\cdots\cup\{H_{m+1}x|x\in G\}$ $\pi=(\mathrm{P}, \mathrm{L})$ $m$
ttanslation plane . $G$ [ $\pi$
collineation $H_{:}$ $\{H_{1}.x|x\in G\}$ $G$ .
Case(c) $GF(p)$ $2m$ $(n=p^{m})$ spread
. . $m=1$
$m=2$ . Case(c) [29], [38]
.
( 6) $G$ $G$ spread collineation
. .
Case(d):
$n^{2}-1$ $G$ $\ell$ $P(\not\in\ell)$ . $\ell_{0}(\ell_{0}\neq$
$\ell,$ $P\not\in\ell_{0})$ $P_{0}(P_{0}\neq P, P_{0}\not\in\ell)$ $D=\{x\in G|P_{0}x\in\ell_{0}\}$ $D$
$U=\{x\in G|gx=g, \forall g\ni P, g\in \mathrm{L}\}$ .
6 $F=GF(p^{2e})\supset K=GF(p^{e})$ G=F*( ) $\simeq \mathbb{Z}_{p^{2*}-1}$ , U=K*( ) $\simeq$
$\mathbb{Z}_{p^{*}-1},$ $D=\{1+k\omega|k\in K\}$ . ($\{v$ $F^{*}$ ) $D$ $G$ $U$
$(p^{e}+1,p^{e}-1,p^{e}, 1)$- (i.e. $p^{e}$ ) .
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$n$ .
6: $n^{2}-1$ $n$ .
. 2-Sylow
([2]). , .
$\circ$ (GarcianO-Hiramine, 2001 [13]) $\pi(m)$ $m$ . $\pi(w)\subset$
$\pi(n)$ $\pi=\pi((w-1, n^{2}-1))$ $G$ Hall $\pi$- $H$ . , $\forall p\in$
$\pi((n+1, w+1))$ $G$ $l\succ$-rank I $log_{p}(|H|+2)$ .
6 $n\equiv 8(\mathrm{m}\mathrm{o}\mathrm{d} 16)$ $n=8$ ,
.
$\circ$ ( $\mathrm{K}.\mathrm{T}$. Arasu and A. Pott, 1992 [2]) $n\equiv 8(\mathrm{m}\mathrm{o}\mathrm{d} 16)$ . $G$ $n-1$
. , $G$ $n-1$ .
$n\equiv 8(\mathrm{m}\mathrm{o}\mathrm{d} 16)$ $n=8$ .
Case(e): $(m^{2}+m+1, m^{2}-m, m^{2},1)$ -
$n=4$ .
7 $G=\langle x\rangle\simeq \mathbb{Z}_{14},$ $U=(x^{7}\rangle$ $\simeq \mathrm{Z}_{2},$ $D=\{1, x, x^{4}, x^{6}\}$ $D$ $G$ $U$
$(2^{2}+2+1,2^{2}-2,2^{2},1)$ - .
$\mathbb{Z}_{13}\cross \mathrm{S}\mathrm{y}\mathrm{m}(3)$ $(n=9)$ ([10] ). Ganley-
Spence .
$\mathrm{o}$ ( $\mathrm{M}.\mathrm{J}$ . Ganley and E. Spence, 1975 [10]) If $n>4$ $n$ ,
. ( , $n$ $|1$ $p$ $p\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 4)$ .
Case (f) :Elation-Homology $\mathrm{E}^{1}$
.
$\mathrm{o}$ (A. Pott, 1994 [49]) Elation-Homology .
(i) $n$ $n$ 2 , $G$ 2-Sylow 2 .





$\mathrm{W}.\mathrm{M}$ . Kantor . ([31] )
Case (h) :
$n=4$ Ganley-McFarland 1975 [11]
.
3. PTR (planar ternary rings)
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$n$ $n$- ” ” ([26] )
” ” $R$ planar temary $ng$ (PTR) 3 $T(x, y, z)$ .
PTR . , $a+b=T(1, a, b)$ , $ab=T(0, a, b)$ 3
$T(x, y, z)$ 2 $R(+, \cdot)$ , 3
. , $R(+, \cdot)$ ” ” PTR
, . quasiffled .
$Q(+, \cdot)$
$\mathrm{i}$ quasifield 4 :
(q1) $Q(+)$ .
(q2) $Q^{\mathrm{s}}(\cdot)$ loop( , 1 , 3 $x,$ $y,$ $z$ $xy=z$ 2
unique ).
(q3) .
(q4) $0x=0\forall x\in Q$ .
quasffield $Q(+, \cdot)$ ? ([38]). $Q$
$q(=|Q|)$ . quasffield $Q$ $G=Q\mathrm{x}Q$ $q+1$
$H_{a}=\{(x, y)|y=ax\}(a\in Q)$ $H_{\infty}=\{0\}\mathrm{x}Q$ $G$ spread ,
quasiregular collineation groups Case(c) .
1960 1980 quasffield
. quasffield , quasffield
$([7][26][38])$ . quasffield
spr ( $[7][38]$ ). quasffield 4
, (q2) ” $\overline{(\mathrm{q}2)}Q^{\mathrm{s}}(\cdot)$ ” nearfield ,
([38] ). , quasffield (q3) ” $\overline{(\mathrm{q}3)}$ ”




R. Liebler ([37] ). , semffield $p^{2}$
semffield . $p^{3}$ semffields
$p^{3}$ semifields .
4.
$\pi$ $n$ . $\pi$ $G$ $\pi$ $\pi$
(transitive plane) . $G$ [ ( $|G|=n^{2}+n+1$ ) } [
Dembowski Case (a) , $G$ Singer .
Singer , . ,
” ” . transitive





.$\circ$ (U. $\mathrm{O}\mathrm{t}\mathrm{t},1975[47]$ , C. Ho, 1998 [22]) $G$ $\pi$ Singer $\pi$
[ $Aut(\pi)\triangleright G$ .
$\ell$ $P$ $(P, \ell)$ flag . $n$
$(n+1)(n^{2}+n+1)$ flags . flags $\pi$
$G$ $\pi$ flag-tmnsitive .







$P$ $g$ $(P, g)$-perspectivities $G$ . $P$
$\ell\backslash \{P\}$ $(P, \ell_{\infty})$ - . $(P$, \ell \infty $)$ -
.
10 : $\ell_{\infty}$ $P$ $(P$, \ell \infty $)$ - .
([30]). ,
.
$\mathrm{o}$ (J. Andre, 1954 [30] ) homology $(\neq 1)$
translation plane .
$\mathrm{o}$ (Ostrom-Wagner, 1959 [30] ) 2 translation
plane .
$\mathrm{o}$ (Wagner, 1965 [30] ) translation plane
.
$<\rangle$ (Kallaher-Libler, 1970 [30] ) rank 3
translation plane .






(subplane} . $\mathrm{P}$ $S$ [ $B=\{g\cap S|g\in$
$\mathrm{L},$ $g\cap S\neq\phi\}$ $(S, B)$ . $S(\neq \mathrm{P})$
$m$ .
$\mathrm{o}$ (R. H. Bruck [26], [7]) $n=m^{2}$ [ $n\geq m^{2}+m$ .
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$n$ $\pi=(\mathrm{P}, \mathrm{L})$ $\mathrm{P}\subset S,$ $\mathrm{L}\subset B$ . $(S, B)$ closed
configulahon 2 $\mathrm{A}\mathrm{a}$ .
(1) $P_{1},$ $P_{2}\in S(P_{1}\neq P_{2})\Rightarrow P_{1}P_{2}\in B$
(2) $g_{1},g_{2}\in B(g_{1}\neq g_{2})\Rightarrow g_{1}\cap g_{2}\in S$
$\pi$ closed configulation .
. $0$ $\pi=(\mathrm{P}, \mathrm{L})$ $\sigma$ . $\sigma$
$\mathrm{F}\mathrm{i}\mathrm{x}_{\mathrm{P}}(\sigma)$ $\mathrm{F}\mathrm{i}\mathrm{x}\iota(\sigma)$ (Fixp(\sigma ), $\mathrm{F}\mathrm{i}\mathrm{x}\iota(\sigma)$ ) closed configulation .
$\sigma$ $\sigma$ planar .
$\mathrm{o}$ (R. Roth [7] 4 ) $\pi=(\mathrm{P}, \mathrm{L})$ $\sigma$ planar $m$
$n=m^{2}$ $n\geq m^{2}+m+2$ .
.
11 : 2 .
Blocking Sets
$\pi=(\mathrm{P}, \mathrm{L})$ $n$ . $\mathrm{P}$ $S$ $\mathrm{i}$ blocking set
$g\in \mathrm{L}$ $S$ $S$ $S\cap g\neq\phi,$ $S^{\epsilon}\cap g\neq\phi$
. $\mathrm{b}10$ $\mathrm{i}\mathrm{n}\mathrm{g}$ set $S$ minimal $S$ blocking set
.
blocking set [20] .
.
$\mathrm{o}$ (Von Neumann-Morgenstern [20]) 2 blocking set .
$n$ $\pi$ blO&ing set .
$\mathrm{o}$ (A. A. Bruen, 1980 $[5]+\mathrm{H}\mathrm{i}\mathrm{r}\mathrm{s}\mathrm{c}\mathrm{h}\mathrm{f}\mathrm{e}\mathrm{l}\mathrm{d}’ \mathrm{s}$ book[20])
$n+\sqrt{n}+1\leq|S|\leq n\sqrt{n}+1$ .
$S$ Baer subplane 2
$\pi$ $S$ unital ( $(\sqrt{n}^{3}+1,$ $\sqrt{n}+1,1)$ -design) .





. 1\sim 11 21
(= ) ” $n$
.
5, 9, 6, 10
58
[1] $\mathrm{K}.\mathrm{T}$ . Arasu, A. Pott, On quasiregular collineation grouos of projective planes, Designs,
Codes and Cryptography VoI.I (1991) 8392.
[2] $\mathrm{K}.\mathrm{T}$ . Arasu, A. Pott, Cyclic affine planes and Paley difference sets, Discrete Math. 106/107
(1992), 19-23.
[3] T. Beth, D. Jungnickel and H. Lenz, Design Theory, Cambridge University Press, Cam-
bridge, 1995
[4] $\mathrm{D}.\mathrm{P}$. Brozovic, C. Ho and A. Munemasa, Anote on incidence matrices of finite cydic
projective planes, preprint
[5] A. A. Bruen, Blocking sets and skew subspaces of projective space, Can.J. Math. 32 (1980)
628-630.
[6] $\mathrm{J}.\mathrm{A}$ . Davis, An exponent bound for relative difference sets in $\mathrm{p}$-groups, Ars Combinatoria
34 (1992) 318-320.
[7] P. Dembowski, Finite Geometries, Belin-Heidelbelg-New York, Springer, 1968
[8] W. Feit, Finite projective planes and aquestion about primes, Proc. Amer. Math. Soc.
108 (1990) 561-564.
[9] $\mathrm{C}.\mathrm{I}$ . Fung, $\mathrm{M}.\mathrm{K}$ . Siu and $\mathrm{S}.\mathrm{L}$ . Ma, On arrays with small off-phase binary auto correlation,
Ars Comb. $29\mathrm{A}$ (1990) 189-192.
[10] $\mathrm{M}.\mathrm{J}$ . Ganley and E. Spence, Relative diflerence sets and quasiregular collineation groups,
J. of Combin. Ser. A19(1975) 134-153
[11] $\mathrm{M}.\mathrm{J}$ . Ganley and $\mathrm{R}.\mathrm{L}$ . McFarland, On quasiregular collineation groups, Arch. Math. 56
(1975) 327-331.
[12] $\mathrm{M}.\mathrm{J}$ . Ganley, On apaper of Dembowski and Ostrom, Arch. Math. 27 (1976) 93-98.
[13] AD. Garciano and Y. Hiramine, On Sylow subgroups of abelian affine difference sets,
Designs, Codes and Cryptography Vol. 22 (2001) 157-163
[14] D. Gluck, Anote on permutation polynomials and finite geometries, Discrete Math. 80
(1990) 97-100.
[15] D. Gorenstein, Finite Groups, Harper and Row, New Yor, 1968
[16] M. Hall, Jr and R. Roth, On aconjecture of R.H. , J. of Combin. Ser. A37 (1984) 22-31.
[17] Y. Hiramine, Aconjecture on affine planes of prime order, J. of Combin. Ser. A52(1989)
44-50.
[18] Y. Hiramine, Affine planes with primitive collineation groups. J. Algebra 128 (1990) 366-
59
[19] Y. Hiramine, Planar functions and related group algebras, J. of Algebra 152(1992) 135-145
[20] $\mathrm{J}.\mathrm{W}$ . Hirschfeld, Projective Geometries over Finite Fields (Second Edition), Clarendon
Press, Oxford, 1998.
[21] C. Ho, Projective Planes of order 15 and other odd composite orders, Geom. Ded. 27(1988)
49-64
[22] C. Ho, Finite projective planes with abelian transitive collineation groups, J. Algebra 208
(1998) 533-550
[23] C. Ho and G. E. Moorhouse, Anew characterization of the Desarguesian plane of order
11, Algebras Groups Geom. 2(1985) 428-435
[24] K. Horvatic-Bmldasar, E. Kramer, I. and Matulic-Bedenic, On the full collineation group
of projective planes of order 12. Punime Mat. No 2(1987) 9-11.
[25] K. Horvatic-Bmldasar, E. Kramer, I. and Matulic-Bedenic, On aprojective plane of order
11 with Frobenius group of order 21, Rad. Mat. 6(1990) 71-76.
[26] $\mathrm{D}.\mathrm{R}$. Hughes and $\mathrm{F}.\mathrm{C}$ . Piper, Pmjective Planes, Belin-Heidelbelg-New York, Springer,
1973
[27] B. Huppert, Endliche Gruppen $Bd$. $\mathfrak{l}$ , Springer-Verlag, Berlin, 1067.
[28] ZJanko and T. van Trung, Projective plane of order 12 do not have afour group as a
collineation group , J. of Combin. Ser. A32 (1982), 401-404.
[29] M. Kallaher, Translation Planes Handbook of Incidence Geometry, ed. F. Buekenhout,
Elsevier Science B. V. , 1995
[30] M. Kallaher, Affine Planes with $\pi ansitive$ Collineation Groups, North-Holland, New $\mathrm{Y}\mathrm{o}\mathrm{r}\mathrm{k}/$
$\mathrm{A}\mathrm{m}\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{d}\mathrm{a}\mathrm{m}/\mathrm{O}\mathrm{x}\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{d}$, 1982.
[31] W. M. Kantor, Projective planes of tyPe I-4, Geom. Ded. 3(1974), 335-346.
[32] D. E. Knuth, Finite semifields and projective planes, J. of Algebra 2(1965) 182-217
[33] $\mathrm{P}.\mathrm{V}$ . Kumar, On the existence of square dot-matrix patterns having aspecified three-valued
periodic correlation function, IEEE Trans. Inf. Th. 34 (1988), 271-277.
[34] C.W.H Lam, L. Thiel and S. Swiercz, The nonexistence of finite projective plane of order
10, Canad. J. 41 (1989), 1117-1123.
[35] C.W.H Lam, G. Kolesva and L. Thiel, Acomputer search for finite projective plane of
order 9, Discrete Math. 92 (1991), 187-195.
[36] $\mathrm{E}.\mathrm{S}$ . Lander, Symmetric Designs: An Algebraic Approach, Cambridge Univ. Press, New
York, Springer, 1983
[37] R. A. Liebler, Autotopism group representations, J. London Math. Soc. 23 (1981), 85-91.
60
[38] H. Luneburg, $\mathrm{I}\vdash anslation$ planes, Belin-Heidelbelg-New York, Springer, 1980
[39] $\mathrm{K}.\mathrm{H}$ . Leung, $\mathrm{S}.\mathrm{L}$ . Ma and V. Tan, Planar functions from $\mathbb{Z}_{n}$ to $\mathbb{Z}_{n}$ , preprint.
[40] $\mathrm{S}.\mathrm{L}$ . Ma and A. Pott, Relative difference sets, planar functions, and generalizes Hadamard
matrices, J. Algebra 175 (1995), 505-525.
[41] $\mathrm{S}.\mathrm{L}$ . Ma, Planar functions, relative difference sets and character theory, J. Algebra 185
(1996), 342-356.
[42] H. B. Mann, Addition Theorems, Wiley, New York, 1965.
[43] I. Matulic-Bedenic, Projective planes of order 11 with acollineation group of order 5, Rad.
Jugoslav. Akad. Znan. Umjet. 413 (1984) 39-43.
[44] I. Matulic-Bedenic, Anew characterization of the Desarguesian plane of order 11, Algebras
Groups Geom. 2(1985) 428-435.
[45] I. Matulic-Bedenic, The classification of projective planes of order 11 which possess an
involution, Rad. Mat. 1(1985) 149-157.
[46] Ida Matulic-Bedenic, The classification of projective planes of order 13 which possess an
involution, Rad Hrvatske akad. znan. $\mathrm{u}\mathrm{m}\mathrm{j}$ . mat. 10 (1991), 9-13.
[47] U. Ott, Endliche zyklische Ebenen, Math. Z. 144 (1975) 195-215.
[48] A. Pott, On the structure of abelian groups admitting divisible difference sets, J. of combin.
Ser. A65 (1994), 202-213.
[49] A. Pott, On projective planes admitting elations and homologies, Geom. Ded 52 (1994),
181-193.
[50] L. Ronayi and T. Szonyi, Planar functions over finite fields, Combinatorica 9(1989), 315-
320.
[51] H. J. Ryser, Matrices with integer elements in combinatorial investigations, Amer. J. Math.
74 (1952) 769-773.
[52] C. Suetake, On projective planes of order 15 admitting acollineation of order 7, Geom.
Dedicata 81 (2000), 61-86.
[53] J. G. Thompson, Incidence matrices of finiteprojective planes and their eigenvalues, J.
Algebra 191 (1997), 265-278.
[54] H. A. Wilbrink, Anote on planar difference sets, J. of Combin. Ser. A38 (1985) 94-95.
61
